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Abstract. We identify (/-deformed g[ £+1 -Whittaker functions with a specialization of Mac- 
donald polynomials. This provides a representation of (/-deformed g^ +1 -Whittaker functions in 
terms of Demazure characters of affine Lie algebra We also define a system of dual Hamil- 

tonians for (/-deformed gl^-Toda chains and give a new integral representation for (/-deformed 
g[ £+1 -Whittaker functions. Finally an expression of (/-deformed g^ +1 -Whittaker function as a 
matrix element of a quantum torus algebra is derived. 



Introduction 

In [GLQ1| an explicit expression for a (/-deformed g[£ +1 -Whittaker function was proposed. This 
expression provides a q- version of the Casselman-Shalika-Shintani formula [Sh], |CSj . More precisely 
the (/-deformed g[^ +1 -Whittaker function is given by a character of an infinite-dimensional GL(l + 
1, C) x C*-module. It was remarked in |GLQ1| that multiplied by a simple factor the (/-deformed 
gb>_i_i-Whittaker functions have a representation as character of a finite- dimensional GL(£ + 1, C) x 
C*-modules. In this note we identify these modules as particular Demazure modules of affine 
Lie algebra gl^+i (see Theorem I3.2j) . This easily follows from two interpretations of Macdonald 
polynomials P\(x; q, t) specialized at t = 0. Below we express (/-deformed g[£ +1 -Whittaker functions 
in terms of P\(x;q,t = 0). On the other hand a relation between characters of Demazure 
modules and P\(x;q,t = 0) was established previously by Sanderson [Sanlj . Note that the results 
of [Sanlj were generalized to simply-laced semisimple Lie algebras in pp. We are going to consider 
the generalization of the constructions of this note to the simply-laced case elsewhere. 

The explicit expression for (/-deformed g[£ +1 -Whittaker function was derived in [GLQlj by 
considering a limit t — ► oo of the Macdonald polynomials P\(x;q,t). In this paper using the 
same limit we derive a set of dual Hamiltonian operators of (/-deformed g^_ ) _ 1 -Toda chain. The 
Whittaker function constructed in |GLQ1| is a common eigenfunction of these dual Hamiltonian 
operators as well as standard Hamiltonian operators of (/-deformed g(£ +1 -Toda chain. We also 
consider a limit t — > of Macdonald polynomials and relate it with (/-deformed g[^ +1 -Whittaker 
function. However in this interpretation of Whittaker function the role of standard Hamiltonian 
Toda operators and the dual ones is reversed. This leads to a new integral representation of q- 
deformed gl^ +1 -Whittaker function which is an analog of Mellin-Banes integral representation for 
0^+1 -Whittaker function |KLj . In some sense this representation of (/-deformed Whittaker function 
is dual to the one considered in |GLQ1] . 

According to Kostant |Ko| , q- Whittaker functions naturally arise as matrix elements of infinite- 
dimensional representations of U(q). Using an embedding of U(g) into a tensor product of several 
copies of Heisenberg algebras one obtains a realization of q- Whittaker functions as matrix elements 
of several copies of Heisenberg algebras. In this paper we construct analogous representation of 
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(/-deformed gl^ +1 -Whittaker function as a particular matrix element of several copies of quantum 
torus algebras. We demonstrate that this representation is compatible with a q- version of Kostant 
representation. 

Finally note that we realize a (/-deformed Whittaker function multiplied by simple factor as 
a character of a finite-dimensional Demazure module of affine Lie algebra. As for (/-deformed 
Whittaker function per se we describe a representation of (/-deformed gl 2 -Whittaker function as a 
character of a certain infinite-dimensional representation in the cohomology of line bundles over 
a semi-infinite manifold [GLOlJ. This character can be considered as a proper substitute of a 
semi- infinite Demazure character of gl 2 |GLQ2| . We are going to discuss this interpretation ( and 
its generalization to in |GLQ3] . 

The paper is organized as follows. In Section 1 we describe basic properties of Macdonald 
polynomials. In particular, using the self-duality of Macdonald polynomials we define a dual system 
of Macdonald operators. In Section 2 we propose two explicit expressions for (/-deformed glg+i- 
Whittaker functions as common eigenfunctions of (/-deformed g[^ +1 -Toda chain. We also construct 
a system of dual Hamiltonians for (/-deformed g^ +1 -Toda chain. In Section 3 the (/-deformed 
Whittaker functions are identified with Demazure characters for affine Lie algebra 0^ + i- Finally in 
Section 4 a representation of (/-deformed fl^+i- Whittaker function as a matrix element of a quantum 
torus algebra is derived. 
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1 Macdonald polynomials 

In this section we recall the standard facts about Macdonald polynomials. The basic reference is 
[Mac| (see also |Ch| for details and further developments). 

Consider symmetric polynomials in variables (x±, . . . , a^+i) over the field <Q(q,t) of rational 
functions in q, t. Given a partition A = (Ai, A 2 , . . . , A^ + i), that is the set of non-negative integers 
such that Ai > A 2 > • • • > Xi+i- Let ^ be the partial ordering on the set of partitions; precisely, 
given two partitions A', A we write A' ■< A when A^. < A^ for k = 1, ...,£ + 1. 

Let m\ and tt\ be polynomial basis of the space of symmetric polynomials indexed by partitions 
A: ^ 

mx = X/ X a\l) X er(2) ' ■ ■ ■ ' X CT (£+1)' 

i+1 

™\ = ^Ai^Aa • • • • • T\e + i> = x fe> 

k=l 

where is the permutation group of £ + 1 elements. Define a scalar product ( , ) q j on the space 
of symmetric functions over Q((/, t) as follows 

(vta, n\')q,t = h,X' ■ z\{q,t), 
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where 

z\(q,t) = fj u ra "mj • ]J l _ t x k ' m ™ = |{^l A fc = 

n>l A fc ^0 

In the following we always imply q < 1. 

Definition 1.1 Macdonald polynomials P\{x; q,t) are symmetric polynomial functions over Q(q,i) 
such that 

AM A 

with uxx 1 G Q(<Z, i), a^rf /or A 7^ A' 

(^A, P A') ?;i = 0. 

In the following we slightly extend the notion of Macdonald polynomials P\{x\ q,t) to the case 
of generalized partitions A = (Ai, A2, . . . , A^+i), Ai > A2 > • • • > A« G Z using the relation 

t+i 

P(x 1 ,x 2 ,...,x e+1 )(x;q,t) = (fj P(x 1 -x e+1 M-x e+1 ,...,x e -x e+1 ,o)(x;q,t) 

j=l 

Although now P x (x;q,t) are not necessary polynomials we use the term 'Macdonald polynomial' 
for thus defined P x (x; q, t). 

Macdonald polynomials can be equivalently characterized as common eigenfunctions of a set of 
Hamiltonians H r 



H r P x (x; q, t) = c r (q x ) P x {x; q, t), (1.1) 

Cr(q X )=Xr(q X te) = Y,U<l Xitei > (1.2) 

where the eigenvalues Xr(z) are characters of fundamental representations f\ r C^ +1 of gig, l5 qi = 
£ + 1 — i and we define q x t Q = (q Xl t Ql , . . . , q Xe+1 t ge+1 ). Here the sum is over ordered subsets 

I r = {h < %2 < • • • < ir} C {1, 2, . . . , i + 1}. 

Explicitly H r are given by 

H r = J2f(r-m JJ *?LZEL Y[ Txit r = !,...,< + !, (L3 ) 

and difference operators T Xj are defined as 

T Xi f(xi, ...,Xi,..., x e+1 ) = f(xi, qxi, x e+1 ), 
for % = 1, ...,£+ 1. The simplest operator is given by 

M-l . _ 

1=1 Ijt] 
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Let t < 1 and 

^■*)=nn !T^n - 

i^j n=0 1 J ^ 

Define another scalar product on symmetric functions of (I + l)-variables xi, . . . , x^+i as follows 

1 f 1+1 dr- 

where the integration domain T is such that each X{ goes around Xi = and is in the region defined 
by inequalities t < \xi/xj \ < t -1 . Difference operators Hf {l+1 are self-adjoint with respect to ( , )' t : 

</,^ +i < t = (H^f, g y qjt . 

The following statement was proved in |AQS| . 

Proposition 1.1 The following relations hold 
1. 



1 ( Pf\Pf l 

A ' A lq,t 



P^(x;q,t) = 4 ^W^ x 



\ A '^A /o,_ 

(1.6) 



x [ f[^C w (x,y-%t)lf'toq t t)A(v\q,t), 
Jr i=1 m Di 

where the integration domain T is as in (|1,5|) with the additional conditions \xiyj 1 \ < 1, 
!,...£+!, j = l,...,t 



p^^^t) = (n 4) (i.7) 

Here X+(£+l) k = (Xi + k, . . . , Xi + k, k) is a partition obtained from X by a substitution Xj — ► Aj + A;, 
j = 1, ...,£+ 1 and 

£+1 £ oo 1 , n 

M^i?.t)=nnnr^T- 



1 _ fj-i Xi-Xj+n i _ j-j-i Aj-Aj+n+l 
^jr'-i+lgAi-Aj+n ^ _ p-i-lgXi-Xj+n+1 ' 



<*m% = n iii 

l<?.<j<£n=0 



£ A ft -A fc+1 l _ ifc _j^ A ._ Afc+l+1 _ 
i=l fc=i n=l 



( p a £ > p a - n n n 1 _ / /.-fi-, fr \.-A M1 -»- 

i=l k=i 

where X^ + \ = is assumed in the last formula. 
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These relations provide a recursive construction of Macdonald polynomials corresponding to arbi- 
trary partitions. 

Macdonald polynomials respect a remarkable symmetry (see e.g. [Ch]). Let us define the 
normalized Macdonald polynomial &\(x;q,t) as follows 



n=0l<i<j<£ q 

where pi = & - 1/2 = 1 - i + t/2 for % = 1, . . . ,£ + 1. 

In the following we will always imply that i = g _fc , A; G Z and g < 1. Then for any partitions A 
and we have: 

$A(«"~*';?,t) = <M<z A ~ fcp ; </,*)• (1.9) 

Define dual Macdonald Hamiltonians by 

H?( q x ) = H r (q x tP), r = l,...,£+l. (1.10) 
Normalized Macdonald polynomials satisfy the following eigenvalue problems. 

Proposition 1.2 For any partitions A and (i the normalized Macdonald polynomials satisfy the 
following system of equations 



f #r(x)$A(x;<7,i) = c r (o A )$ A (x;o,t), 
1 F r v (g A )$ A 0r;g,t) = t£ (x) $ A (x; q, t), 

where 

Cr(q X ) = Xr(q X n = E II 



;i.ii) 



;i.i2) 



Cr v (x) = x,^^ /2 ) = t rf/a e n ^ 

It i&Ir 

Proof: Let /u be any partition and let x = q^, then 

H T {<f)*xW\<i,t) =t% E(II s Ai * ft )W; <?,*)■ 

Let us make a change variables /i — > p — kp. Then using self-duality (|1.9|) of Macdonald polynomials 
one obtains 

H P (^) <M<?V; <?,*)= ^ E ( II qXi *") ^ V; <?> *)■ (1.13) 
Shifting variables A —* A + A;/) we have 

iWOM?*;?.*) = *^E(II <? Ai ) M<? A ;</>*)• (1.14) 

Note that $a(^;q ; ^) are polynomials in cc and thus can be characterized by its values at x = q^, 
p E Interchanging variables A <-> /U and denoting H^(q X ) = H r (q X t p ) we obtain the statement 

of the proposition □ 
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2 g-deformed g^ +1 -Whittaker function 



In |GL01] an explicit construction of a (/-deformed g[^_ ) _ 1 -Whittaker function ^ z 1+1 on the 

lattice p = (pe+ii, ■ ■ ■ ,P£+i£+x) & 7j £+1 was given. The construction is based on a particular 
degeneration of the defining relations for Macdonald polynomials. In this section using the same de- 
generation we define dual Hamiltonians for (/-deformed 0[£ +1 -Toda chain. We also consider another 
degeneration procedure which also leads to (/-deformed Toda chain but the role of the Hamiltoni- 
ans and the dual Hamiltonians is interchanged. This leads to the second explicit expression for 
(/-deformed Whittaker functions considered as common eigenfunctions of (dual) Hamiltonians of 
(/-deformed Toda chain. 



2.1 First explicit formula 

The (/-deformed 0[£ +1 -Whittaker functions are a common eigenfunction of (/-deformed g^ +1 -Toda 
chain Hamiltonians: 

Hr UU+l) ~ l^\ X h ■■■■' X ir-l ' X ir l ir , (2.1) 

It 



where we assume i r +\ = £ + 2. We use here the following notations 

T if(Pe +1 ) = f(P I+1 ) P£+i,k = P£+i,k + h,h 

and 

X t = l-gP<+irw+i,iw+l ) i=l,...,£ X e+1 = l. 

The first nontrivial Hamiltonian is given by: 



n i k+1 ^ + i) = EC 1 " q p ^- p ^^ +1 )T i + T t+1 . (2.2) 



,sk+i 

8=1 

The corresponding eigenvalue problem can be written in the following form: 



«^ fl (E f+ i)<T:Wife 4+1 ) = (£11*) «fcWi(E 



t+i)- (2.3) 

The main result of |GLQ1| can be formulated as follows. Denote by V^ +1 ^ C Z^ +1 )' 2 a subset 
of parameters pf.^, k = 1, ...,£, i = l,...,k satisfying the Gelfand-Zetlin conditions Pk+i,% > 
Pk,i > Pk+i,i+l- Let Ve+l,l C p( m ) be a set of p^ = (pe,i, ■ ■ ■ ,Pe,e) satisfying the conditions 
Pe+i,i > Pi,i > Pi+i,i+i- 

Theorem 2.1 The common solution of the eigenvalue problem can be written in the following 
form. For being in the dominant domain pi+i t \ > ■ ■ ■ > P£+i,£+i the solution is given by 

£+1 

Pk.ierv+v k=i 

e fe-i (2 4) 

n n (pk,t - Pk,i+i) q ] - 

fe=2i=l 



' £ k 

11 11 (Pfc+l,i - Pfc,i)<Z ! (PJfe,i - Pfc+M+lV 
fc=li=l 
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where we use the notation (n) q \ = (1 — q)...(l — q n ). When p^ +1 is outside the dominant domain 
we set 

®l£*z i+1 (pi+i t i, ■ ■ ■ ,pe+i,i+i) = 0. 
Formula (12.41) can be written in the recursive form. 



Corollary 2.1 The following recursive relation holds 

P e £V e+1 , t 

where 

QmAP P :vPM) = ~p " > 



EI (Pt+l,i ~ Pi,i)q ] ' (Pi,i ~ Pi+l,i+l)q ] - 

i=1 (2.5) 

1-1 



&{Pj) = Yl(Pi,i ~ P£,i+l. 



Lemma 2.1 The q-deformed Ql p+1 -Whittaker function at pi+i^ = k + 1 for i < r, Pe+n = k, for 
i > r is proportional to the character Xr( z ) of the fundamental representation A r C of gl e+1 

e+i e+i 

( k + !> • • • k + 1. *> ■ ■ ■ k ) = ( n *?) xAz) = ( n *?) e n 

i=l i=l 7 r is/,. 

Proof. Directly follows from the general expression (j2.4j) □ 

Example 2.1 Lei g = g[ 2 ; P2,i := Pi £ p 2 ,2 '■= P2 £ Z and pi^ :=p£Z. TTie function 

JP „Pl+P2~P 
6 I 



*fe 2 (pi,p 2 )= E 7 L TT7 77' Pi>^2, 



*fc 2 (Pl,P2) =0, Pl<P2, 

is a common eigenfunction of mutually commuting Hamiltonians 

Uf 2 = (1 - g pi ~ P2+1 )Ti + T 2 , 7if 2 = T X T 2 . 

2.2 Dual Hamiltonians for g[ f+1 -Toda chain 

The Hamiltonian operators of g-deformed g^_ ) _ 1 -Toda chain can be obtained by a degeneration of 
Macdonald operators discussed in the previous section (see e.g. (GLOlj ). Similarly the degeneration 
of dual Macdonald operators leads to a set of dual Hamiltonians of g-deformed gl£ +1 -Toda chain. 

Proposition 2.1 1. Lett = q~ k , q < 1. Define the limit k — > oo of the Macdonald (dual) operators 

H r (x) = lim D(x) R r (xq~ kp ) D(x)~ l = 

fc^oo 

E, 1-5^,1 l-S^-i^i _ i-<5 lr is _ (2-6) 

Ir 
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n w r {q X ) = lim ^ r ^ +1 ^ r )/ 2 G(g A )i/ r v (g A+ ^)G(g A )- 1 



k— >oo 



n X J (2-7) 

= ^- i,/2 e n ^ n^, 

here r = 1, ...,£+ 1 and we set Xi = 1 — x^Xj, Afi = 1, Aj = A^-T^ + <5y and we assume 

i+i 



d(x) = n 



i=i 



i<j 



(2.8) 



2. Lei 



* A (x)= lim G(q x )D(x) ^ x+kg {xq~ kp ;q,t), (2.9) 



then the following relations hold 

r 

n^(q x )^ x (x) = (^-^n^)^), 

i=l 

for r = 1, ...,£+ 1. 

Proof. Direct calculations □ 

Observe that the following relation between (|2.6p and (|2.ip holds 



(2.10) 



^ 9l " +1 (^ +1 ) = Wr(s), ^ = g P/+l,/+2-i+W+2-i j i = l,...,£+l, 

for r = 1,...,£+1. 

The limit t = q~ k — » oo, fc — » oo was used in |GLQ1] to obtain Hamiltonians of q-deformed 
gt^+i-Toda chain. There is a "dual" limit t = q~ k , fc — » — oo which also leads to (dual) Hamiltonians 
of g-deformed g^ +1 -Toda chain but the Hamiltonians and the dual Hamiltonians are interchanged. 

Proposition 2.2 1. Let t = q~ k , q < 1. Define the limit k — > — oo of the Macdonald (dual) 
operators and their common eigenfunction as follows 



n r{x) = k ^y^ Hr{x) = E n UTxi (2n) 

It iel r ,j0r 3 % *&/r 



H?{q X ) = lim q kr£ / 2 D(q X ) H^{q X ) Diq^- 1 = 

k—*—oo 

' X i 2 ■■■■■ X l r j 1 ^ ••■■•-tA ir , 
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Xi = 1 - g A *- A «+i and X\ = 1. We assume here D(q x ) = Y$Lx q kX ^ . 
2. Define 



V x {x) = lim D(q x )<f> x (x;q,t). (2.13) 

fc— »— oo 



Then the following equations hold 



(2.14) 

H r v (g A )1> A (x) = xAx)^x(x). 



Proof. 1. The formula for "H r follows straightforwardly. 2. For t = q we obtain 

tf+l-iqK _ ^ ^A, _ t i-l-j^A 
p-iqK-q^ 11 q^i-p-iq 

due to the following identity 



r(r — 1) / , \ r ^ 

2 + 2^6°* + ^) = y> 

where = \{j £ I r \ j < 

Thus under the limit t — » one gets the following. 

. . r t ► 1, i < i, ^ ^ ► i_^-A i+1 w ► 1, t > j+1, 

□ 

Remark 2.1 Lei X be a partition, then 
1. 

r(r — 1) 



(2.15) 



ft r (sci, . . . ,X£+i) =q 'Hr(xi, . . . ,xe+i), 
H^{q x \...,q x ^) = A(q X )H r (q Xi+1+(U+1 ,...,q Xl+ei )A(q X )~ l , 
for r = 1, ...,£+ 1 and 

i=l 

12. TTie specialization of Macdonald polynomial at t = 

$ A (z) = P A (x;g,t = 0), (2.17) 

satisfies equations {2.1J$. 



Proof. Proof of (1) is straightforward and the statement of (2) easily follows from (|2,13p and 
CHD □ 
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2.3 Second explicit formula 

Now we construct an integral representation for (/-deformed Whittaker functions by taking t — > 
limit of the recursive construction of Macdonald polynomials. 

In the limit t — ► the Macdonald scalar product on symmetric functions of (£ + l)-variables 
xi, . . . , xg + i is reduced to 

i r tt 1 dr- 

</,<*=0 = Jl^J To II ^- i f(^ 1 )g(x)A(x\ q ,t = 0), (2.17) 

where 

oo 

A(x\q,0)=HYl(l-x t xJ 1 q n ). 

and the integration domain To is such that each x% goes over a small circle around X\ = 0. 
The limit t — ► of the recursive kernel Ci+n is given by 

£fl £ oo 

= 0) = J]][][ -. 

Proposition 2.3 1. Given a partition A = (Ai, . . . , A^) the following recursive relation holds 

11 Jro t\ 2myi (2-18) 
xP* k (y;q,t = 0)A(y\q,t = Q), 

where 

Al = lim ^V^V^ = TT (1 " f 1 )^ 1 ■ (W- . 

\ A ' A /<?,* "i=l 

and i/ie contour of integration Tq is as in (|2.17p u>ii/i additionally conditions XiyJ 1 < 1. 
Given a partition A = (Ax, • • • , A^) 

i^ 1)fc (x;g,t = 0) = (II 4) Pf" 1 teq,t = 0), (2.19) 

i=i 

w/iere A + + l) fc = (Ai + fc, . . . , A^ + k, k). 
Proof: We have 

e-i oo 

( P A '> P \ e )'q,t=0 = II II (1 _ oAi-Ai+i+m) ' 
i=l m=l \ " / 

£-1 

4 = 1 

where []^ =1 (1 — q m ) = 1 is assumed. Thus we obtain the recursive relation (|2.18p □ 

These relations provide a recursive construction of a g-deformed Whittaker function correspond- 
ing to an arbitrary partition. Note that the property of Macdonald polynomial being symmetric 
function of variables z\, . . . , zi+\ remains true in the limit t — * 0. 
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Proposition 2.4 Let z% := a^+i,j for i = 1, . . . , £+ 1. Define the function M B ^ 5 z^}.,z t+1 (P^ +1 ) given 
for the dominant domain P£+n > ■ ■ ■ > 1^+1 &y aw integral expression 

MB,j.Sk+i / \ / x£(£-l)/2 / TT 



^W^a) = (9,fl)^- 1)/a / II 



n=l;j<n 



2-ITlXr 

n+1 ^ f _ ] ^ (2.19) 

£+1 n £ 
"TT T T / X n i \Pl+l,n tt , 

X 



t+1 n £ 11 11 T q(Xnk X n+l,r, 

where the contour S is obtained by induction from the contours Tq defined in the Proposition \2_ 
and outside of the dominant domain by 

MB *fc %1 (pw,i 1 -,« + i,w) = o. 

Then the function MB *S+U+i(P M ) 

possess the following properties 

1. It is & £ + i- symmetric: 

2. is a common eigenfunction of (dual) Hamiltonians 7i T , : 



(2.20) 



^ +1 (P, +1 ) M ^^(P, +1 ) = Xr(*) M ^(p, +1 ), 

g^ 1 ^^ 5 *,^) = (f[ fl"™) a/b *^ +1 ) , 

1=1 

/or r = 1, ...,£+ 1. 

This integral representation is a g- version of Mellin-Barnes integral representation for flt^+i- 
Whittaker functions introduced in |KL| . Let us compare MB \$f e+1 with the function given 
by 



Proposition 2.5 q-deformed Ql e+1 -Whittaker function given by (j2.4j) is a symmetric func- 

tion 

<:),..,M, + i)(^+i) = * e 6 m . 

Proof. We prove this statement by the induction. Given a g^-Whittaker function which is 
symmetric 

*s (1 „..* M (E«)=*a...*(E«). 

The function vpsk+i then given by 



The space of solutions of g-deformed g^ +1 -Toda chain invariant with respect to 6^ C &e+i is (^+1)- 
dimensional. Thus to verify that (|2.4p is G^+i-invariant one should check that it is invariant at 
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I + 1 particular values of £^ +1 - Let us take P_^ +l corresponding to fundamental representations. By 
Lemma 12. II the corresponding g-Whittaker functions are given by characters of g^_ ) _ 1 -fundamental 
representations and thus explicitly 6^+i-invariant □ 

The function MB ^zi^,zi + i(Pji, 1 ) satisfies the full set of equations (i.e. including dual Hamil- 

tonians) and the function ^fziy.^zi+ityU+i) satisfies the original q-deformed Toda equations. Thus 
one has 



Proposition 2.6 

^ z\,...,z l+ x\P lJrl ) — W 2lv,^+ll?^ +1 J- 

Proof: Denote 

^fcWt&fi) = a(^ +1 )*S+u +1 (^ +1 ), 

^r^w = ^(^3,* = o). 

Then *fi^,z^ +1 (p^ , i=0 = 1 and P(o,q,- ,0)0^ 9> t = 0) = 1 by definition of Macdonald poly- 

nomials. Thus C(z\, . . . , zi+i) = 1 □ 

Remark 2.2 The normalized q-deformed Ql e+1 -Whittaker function coincides with a t = special- 
ization of Macdonald polynomial 

= P\(z;q,t = 0), A = (p e+1<1 , . . . ,p W+1 ). (2.20) 
3 g-Whitaker functions as characters of affine Demazure modules 

In this Section we identify the normalized g-deformed g(£ +1 -Whittaker function ^f e+1 with 

characters of affine Lie algebra gl^+i Demazure modules. This straightforwardly follows from a 
characterization of the normalized g-deformed g[^ +1 -Whittaker function as a specialization of Mac- 
donald polynomials P\(z;q,t) at t = (see Remark 12. 2 p and a relation of P\(z;q,t = 0) with 
characters of Demazure modules of affine Lie algebra fll^+i established in |Sanl| . 

To state precisely the relation between Whittaker functions and Demazure modules let us start 
recalling the notion of a Demazure module [De] (see |Kuj . [M] for a general case of Kac-Moody 
algebras). Let g be a Kac-Moody algebra with Cartan matrix ||tiij||, I) C b C Q be a Cartan and 
Borel subalgebras. Let R C fj* be a corresponding root system, R + C R be a subset of positive 
roots corresponding to the Borel subalgebra b, ct\,. . . ,a r € R+ be a set of simple roots. Denote 
(A, fi) the scalar product on rj* induced by the Killing form on q. Given a root a let a v = 2a/ (a, a) 
be the corresponding coroot where we identify fj = rj* using quadratic form ( , ). The weight lattice 
P is given by P = {A € h* : (A, a v ),eZ a G i?}. The weight lattice is generated by fundamental 
weights ui,...,u r defined by the conditions (ui, aj) = <$y. The set of dominant weights is given 
by P + = {X £ P : (A, a v ) > 0, a E i?}. The Weyl group W is defined as a group of reflections 
s a : h* — > h*, a G i? 

s Q : A — >A — (A, a v )a, 
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and is generated by reflections Sj corresponding to simple roots Oj. An expression of a Weyl group 
element w as a product w = ■ ■ ■ which has minimal length is called reduced decomposition 
for w and its length l(w) = I is called a length of w. Let T be a Cartan torus Lie(T) = 1). The 
group of characters X = X(T) of T is isomorphic to the weight lattice P of q. Its group algebra 
Z[T] = -R(T) is the representation ring of T and is generated by formal exponents {e M : jj, € P}, 
with the multiplication e A • = e x+fl . 

Let wbea dominant weight of q and V{u) be an integrable irreducible highest weight represen- 
tation of the enveloping algebra U(q) with the highest weight lo. For any w € W the weight w(lu) 
subspace F^Ml (w) in V(w) is one-dimensional. Let Ku(^) C V(o;) be a ^(b)-submodule generated 
by enveloping algebra U(b) of the Borel subalgebra b acting on V^ w ^ (uj). The ^/(b)-module V w (uj) 
is called Demazure module. Characters of V w (u) are defined as 

and can be calculated using Demazure operators as follows. Define Demazure operators corre- 
sponding to simple root a, as 

V s e M = , 

1 - e~ a > 

where Si € W is a simple reflection corresponding to a«. Demazure operators commute with 
VF-invariant elements in Z[T] and satisfy the following relations 

Vl = V Si , VP, V ■ 1. 

where m^- are equal to 

rriij = 2, 3, 4, 6, oo, 
for the values of entries of Cartan matrix ||ajj|| satisfying 

ctijCiji = 0, 1, 2, 3, > 4, 

respectively. Here we imply x°° := 1. These relations provide a correctly defined map w i— > P w : 

^ Sir, * * * Si • I ^ PfiA. PfiA- ' ' ' • 



l 3 



-3 



Given a reduced (minimal length) decomposition w = s^s^ ■ ■ ■ Si j of an element w G W we have 
for the character of V w (u) 

ch Vw{0j) =V Si V Si2 ---P Si .e". (3.1) 

Now let g be the affine Lie algebra 0^ +1 . The corresponding root system can be realized as a set of 
vectors in R^ +2,1 supplied with a bi-linear symmetric form defined in the bases {e\, . . . , et+i, e+, e_} 
by 

(ei,ej) = Sij, (e±,ei) = (e±,e±) = 0, (e+,e_) = l. 
Simple roots of Qlg + i are given by 

ai = ei-e 2 , a 2 = e 2 - e 3 , ... a^ = e^-e^ + i, a = e+ - (ei - ee+i). 
The fundamental weights coo, lo± . . . , u^ + i are defined by the conditions (cjj, aj) = 5^ 

e+i 

^i = ei + e_, w 2 = ei + e 2 + e_, ... u^+i = ^ + e_, cj = e_. 
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In the following we will also use the standard notation 5 = «o + Z^i=i a i = e +- The Weyl group 
W has natural decomposition W = W x Q where Q is a lattice generated by simple coroots and 
W is the Weyl group of the finite-dimensional Lie algebra 0^ + i- Define a projection of the weight 
lattice P of 0^ +1 onto the weight lattice P of the finite-dimensional algebra 0^ +1 

uj = Aiei H h A^ + ie^ + i + /ce_ + re+ — > cj = Aiei H h A^+ie^+i. 

The projection on the lattice P of the action of the generators of W on e_ + Yl ^i e i is given by 
Si (Ai, . . . , A^ + i) = (Ai, . . . , Aj_i, Aj+i, Aj, Aj + 2, • • • , A^+i), 
so • (Ai, . . . , A^+i) = (A^+i + 1, A2, . . . , A^, Ai — 1). 
Note that \u>\ = ^4=1 ^« ^ s invariant under the action of W. 

Lemma 3.1 A set of orbits of W acting on the weight lattice P of 0^ + i can be identified with 
7L x (Z/Z^ + i) and a set of representatives can be chosen as follows 

Afc,i = (k + 1, . . . , k + 1, k, . . . , k) = ki + 

where 1 = (1, . . . , 1) and Cji are fundamental weights of Ql i+1 . 

Proof. Using W one can transform any weight of 0[^ + i to a dominant one A = (Ai > A2 > • • • > 
A^ + i). Now using elements W transforming dominant weights to dominant we can change weights 
in such a way that the difference Aj — Aj+i is either 1 or □ 

Define homomorphism 

it : Z[T] -> Z[zi,... ,z i+1 ,q] 
Tr(e^) =z 1 ---z i , 7r(e"°) = l, 7r(e S ) = q. 
The following result was proved by Sanderson [Sanlj . 

Theorem 3.1 Let X^ i = ujq + A& 3 and A& j € P + is given by 

Afc,i = {k + 1, • • ■ , k + 1, k, . . . k) = k ■ 1 + Co{. 

Let w be such that for A = w ■ Afc j its projection A be antidominant weight i.e. X\ < A2 < • • • < 
A^ + i. Define X' = woX, where u>o G W is an element having a reduce decomposition of maximal 
length. Then the character of the Demazure module V w {Xk ) i) satisfy the following relation 

*( c hv w (\ kA )) = q^-^'^ P x ,(z ]q ,t = 0), 

where Py(z;q,t) is a Macdonald polynomial corresponding to dominant partition X' (see Definition 

mp . 

The modified (/-deformed 0[£ +1 -Whittaker function is given by 

= A(^ +1 )*f+^ +1 ), 

where 

I 

i=i 

and ^z k+1 (p e+1 ) is defined by M . 
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Theorem 3.2 The following representation for the modified q-deformed Whittaker function 

holds 

Thus the finite sum (j2.4j) up to a simple multiplier provides expression for a characters of affine Lie 
algebra Demazure module. 

Example. Let us consider as an example the case of I = 1. We have 

ch V (31S0)m (u ) = £Wo) m e< ^ c/l v Sl(S0Sl)m K) = ^(^i)" 1 e<Jl > 

where wo = e_ and u\ = e_ + e\. Note that due to the identity T>\ = 2?i both characters are 
W\ = S2 invariant and thus are given by linear combination of gl 2 -characters. 

^0,0 = (0,0), A = {s\So) m uJo, X = (—m,m), A = (m, — m), 

A ,i = (l,0), A = si(s si) m uji, X = (-m,m + 1), A' = (m + 1, — m), 

and thus 

^( c S S i SO ) m (-o)) = p m,-m(zi,z 2 ;q,t = 0), 

^KtarH)) = 9 m(m+1) iWl>l^;!,i = 0). 

Let us note that there exists a generalization of the results in [Sanlj to the case of simply-laced 
affine Lie algebras [I] . Also the structure of Demazure modules for arbitrary simply-laced affine Lie 
group was clarified in [FLj . It was shown that as a module over corresponding finite-dimensional 
Lie algebra it is a finite tensor product of finite-dimensional irreducible representations. In the 
special case of q = g^ + i this is in complete agreement with the Proposition 3.4 in [GLQlj . Note 
that the case £ = 1,2 was considered before in |San2j. All this seems implies that the connection 
between g-deformed Whittaker functions, specialization of Macdonald polynomials and Demazure 
modules discussed above can be rather straightforwardly generalized at least to the simply-laced 
case. We conjecture that this indeed so and are going to discuss the details elsewhere. 



4 g-deformed Whittaker function as a matrix element 

According to Kostant [Koj q- Whittaker functions can be understood as matrix elements of infinite- 
dimensional representations of universal enveloping algebra U(q) with action of Cartan subalgebra 
h C g integrated to the action of the corresponding Cartan subgroup H C G. This interpretation 
can be generalized to the case of (/-deformed 0- Whittaker functions considered as matrix elements 
of infinite-dimensional representations of quantum groups U q {o) (see e.g. |Et| ) . In this Section 
we derive a representation of (/-deformed g[^ +1 -Whittaker functions given explicitly by (|2.4p as a 
matrix element of an infinite-dimensional representation of multidimensional quantum torus. Our 
construction is based on an iterative application of the following standard identity (see e.g. [CKJ) 



(X + T) n = x m T n ~ m , TX = qXT 



where (,™) (? = {n) q \/(m) q \(n — m) q \ is a (/-binomial coefficient. This representation should arise in 
the Kostant framework using a realization of Z^q(gl£ +1 ) by difference operators generalizing Gauss- 
Givental realization of ^(s^+i) proposed in [GKLOj. We check this directly for q = 5I2 leaving the 
general case to another occasion. 
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Let be an associative algebra, {X k \ , T^}, k = 1, . . . , £; i = 1, . . . , k be a complete set of 
generators satisfying relations 

T kji X m>j = q 6 *^ ■ X mJ T kti . (4.1) 
Introduce a set of polynomials f n ,i{z) G .4^ [21, • • • , 

fn,i — fn,i(.Z_i X k j, Tfcj), 71 — 1, . . . , -f- lj % — 1, . . . , Jt, 

of degree deg/ ni j = % in variables z = (21, . . . , defined by the following recursive relations: 

/n,i — fn—l,iX n —x,i %n fn— l,i> 4 < ?t, (4.2) 

where / n ,o = /oo = 1 and / n , n = zi • • • z n with 

/n,n = #n • fn—l,n—l Tl = 1, . . . , £ -|- 1. 

In particular, we have fn = Z\ and fax = f\\X\\ + ^2/10^11 = z i^u + 22^11 ■ 

Let V be a representation of ,4®, and V* be its dual. Consider G V, (v-\ G V* such that 
(v-\v+) = 1 and satisfying the conditions 

Ti,k\v+) = \v+), (v-\X i)k = i = !,...,£, k=l,...,i. 

Let us introduce normalized q-deformed gl^ +1 -Whittaker function as 

t 

= Yl(Pe+i,k-pe+i,k+i) q ] - *fcU+i(& + i)- 
fc=i 

Theorem 4.1 The following representation of q- deformed Ql i+1 -Whittaker function holds 

£+1 

*fc*m(Em) = ( u - II /m,fcU;-X'«,<,r n , < ) w + 1 -*- w+1 - fc+1 «+), (4.3) 

k=l 

where we assume pe + ij + 2 = 0. 

Proof. Let us prove the Theorem by induction. We assume that the representation (|4.3|) for 
holds 



k=l 

where z' = (z\, . . . , zg). The following recursive relation follows from (|2.5p 

*&WiW = E ^^^^^W^+^l?)^,.^^). (4.4) 

where 

P£+l,k — Pt+l,k+l 



Qt+i^(p, +v p,\q) = Tl . 

+ V P£,k - Pe+i,k+i , H 
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Then (|4.3p for is obtained by repeated application of the identities 

Pi+i,k 



!,fc— Pi+l,h+l 



Pi+i,k-Pt,k I Pe+i,k - Pe+i,k+i 

Pe,k — Pi+l,k+l J q 



" {fik-l) Pl ' k ~ 1 ~ Pl ' k {flk) Pl ' k ~ Pl+1 ' k+1 X Pl ' k p <+l»fc+l jiPi+l,k Pl,k _ 
f \Pl+l,k-Pe+l,k+l 

= {h,k-l) m ' k - l ~ m+1 ' k [h,kX e , k + zt+ifi, k -iT e , k ) 

to convert g-binomial factors Qe+i e in (|4.4p □ 

The representation Q4.3|) can be understood as a particular realization of g-deformed 
Whittaker function as a matrix element of an infinite-dimensional representation of Mq($h+i)- ^ n 
the following we demonstrate this for the simplest case g-deformed sfe-Whittaker function. 

Quantum deformed universal enveloping algebra U q {s\2) is generated by generators E,F,K 
satisfying the relations 

KE = qEK, KF = q~ x FK, EF - FE = - - ' ~ — 9 . 

The center of UqisX-i) is generated by a Casimir element 

C = K + if" 1 + (q + q- 1 - 2)FE. 

In irreducible representations the image of C is proportional to unite operator and we parametrize 
the corresponding eigenvalue c as follows 

C= -(Z + 2T 1 ). 

Consider a realization of ^(5(2) (see e.g. [KLS| ) 

K = -zu-\ E= V ~ 1{l ~ U ~ 1 \ F= _^"^M 

1 - g 1 - g 

where to = qvu. The general g-deformed s[2-Whittaker function is given by (compare with (2.17) 
in [KLS] with oj\ = 1, q = exp(2iiruji/cu2)) 

(x) = e-^gWa (4.4) 
where -fT = g^/ 2 and /ip^ are left/right Whittaker vectors defined by 

1 — q n 1 — q a 

(T- 1 + T - q^-^^q'^T^-^^'^ix) = (z + z-^i^^ix), (4.5) 

where T /(aj) = f(x + z). 

We would like to compare this representation with a representation given in the previous section. 
The representation for £ = 1 adopted to the case of 5 [2 is given by 

*z(n) = t4>-I ( zX + z ~ lT )" l v +>, *z(n) = («_| + 2 - 1 T)" |t, + ), 
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where T\v+) = \v+ > and (v-\X = |. The functions ^ 2 (n) and ^ 2 (n) satisfy the following 
equation 

(T-i + (i _ g «+i)T)^(n) = (z + aT 1 )*^), 

(4-6) 

((1 - g^T" 1 + T)^(n) = + z- 1 )*^), 
where T/(n) = /(n + 1). To reconcile the last equation in (|4.6p and the equation (j4.5f) we take 

ai = 1, «2 = 2, x = zn. 

Then one has 

d>i 1 ' 2 )M = (^ 1) |(-K)-™|^ 2) ), 

and one would like to have the following relation for the g-deformed Whittaker function 

* z (n) = $£' 2 \tn). (4.7) 
To make this identification one should should have the following relation 

-R- 1 = z~ l u = z~ l T + zX. 



and demonstrate that and \v + ) provide as representation for left and right Whittaker vectors 
(^landh/f). 

Consider the following unitary transformation 



oo 

U- % (u,v)uU(u,v) = u + z 2 v, U(u,v) = Y[(1 + z 2 vu- 1 q n )- 1 = T q (-z 2 vu- 1 ), 

n=0 

where 

Tq(x) = nr= (i-^r 

Thus we have 

U~ (u, u) t> U(u, v) = (1 + 
U~ (u, v)uU (u, v) = (1 + z 2 t;u _1 )n, 
E/ _:l (u>«) u_1 ^( u >v) = (1 + g-Vtm -1 ) -1 *;- 1 , 
LT^i*, u" 1 C/(n, u) = (1 + grVwr 1 ) -1 ^ 1 . 
The conjugated generators are then given by 

K = U~\u, v) K U(u, v) = -z(l + q~ 1 z 2 vu- 1 y 1 u- 1 , 

E = U^fu, v) E U(u, v) = — (1 + q- 1 z 2 vu- 1 )- 1 v- 1 (l - (1 + g^mr 1 ) -1 !* -1 ), 

1-q 

F = U~ l (u, v) F U(u, v) = — (1 + z 2 vu~ 1 )v(z - z~ Vl + z 2 vu~ l )u). 

1-q 

Proposition 4.1 The following identities hold 

E\u = 1) = — K 2 \u = 1), F\v = 1) = — !— k~ x \v = 1), 

1-q 1-q 

where v\v = 1 >= \v = 1 >, u\u = 1 >= \u = 1>. 
Proof: Direct calculations □ 

Thus one can identify \v_) = \u = 1) = |V4^)> \ v +) = \v = 1) = \4>^) in the [/-rotated bases. 



This also provides an identification (|4.7p . 
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